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The problem of the contact interaction of an elastic body with a rigid support with Coulomb friction in the contact area is
considered. It is assumed that the contact area is known and does not change during loading, and the displacements and their
gradients are small. The influence of tangential displacements on the contact pressure is investigated. The sufficient conditions
for which no such effect occurs are formulated. The existence and uniqueness of a generalized solution of the variational
formulation of the problem is proved using the operator of the influence of displacements on the contact pressure. © 1997 Elsevier
Science Ltd. All rights reserved.

An incremental formulation of the contact problem for general boundary conditions on the contact
surface and an attempt to prove the existence and uniqueness of the generalized solution are presented
in [1]. Special cases of frictional contact problems, for which the existence and uniqueness of the
generalized solution are proved only on the assumption that the value of the friction force at points of
slip is independent of the solution (the problem with given normal pressure or friction) have also been
considered [2-4]. Problems in which the contact surface and the pressure on it are independent of shear
stresses have been investigated in [5-7]. A variational principle has been formulated for this class of
problem and has been used to establish the existence and uniqueness of the solution. The special case
of a problem with friction with no solution is given in [8]. The question of the existence and uniqueness
of generalized solutions of problems with friction in a general formulation remains open, even for
linearly-elastic materials.

Our purpose here is to continue to develop variational methods for investigating contact interaction
allowing for friction forces, including an analysis of the existence and uniqueness of the generalized
solution.

1. BASIC CONSTRAINTS ON THE FORMULATION OF
THE PROBLEM. FORMULATION OF THE BOUNDARY CONDITIONS
IN INCREMENTS ON THE CONTACT SURFACE

We will consider an approach to the solution of the elastic contact problem with Coulomb friction.
Because of the difficulty of investigating the solvability of frictional problems [2, p. 148], we have made
some simplifications, the main ones being the following: the contact region is known and does not change
during loading, the displacements and their gradients are small, the trajectories of motion of points of
the contact surface relative to the rigid support are rectilinear, and we consider loading in which the
normal reaction of the rigid support is non-zero at each point.

The last constraint is associated with the fact that, when there is no normal reaction during loading, the directions
of the relative displacements during loading are not known in advance and must be found from the solution of
the problem. There is no difficuity in formulating the differential problem and constructing the variational principle
without the last constraint (see [1] for example), but it is then impossible to prove the existence and uniqueness
of the solution.

Note also that these assumptions give us a model problem. However, the possibility of extending the proposed
method to the contact interaction of two deformable bodies can have practical applications for solving problems
of temperature and press fittings.

The contact boundary conditions in increments will be formulated in the light of the above assump-
tions. At each point of the contact surface L, Coulomb’s law of friction is satisfied:

tPrikl. Mat. Mekh. Vol. 61, No. 4, pp. 692-702, 1997.

671



672 Yu. I. Nyashin and S. A. Chernopazov
in the slip region
v#0, lod=flo,l, 3IA>0: o,=-Av (1.1)
in the adhesion region
v=0, lo,<flo,l (1.2)

where o,, O, are the projections of the reaction of the support onto the outer unit normal n and the
tangent 1 to the contact surface L, the 7T axis is in the direction of the trajectory of relative motion, v
is the prOJectxon of the velocity of a point of the body relative to the rigid ort onto the T axis, and
f(1 > £> 0) is the friction factor. At points of the contact surface where the fncition (or cohesive) force
is non-zero, the tangent 1 is defined by the condition that it is in the same direction as that force.

To take the loadmg history into account, we will seek the solution of the problem in increments,
choosing the load in such a way that at each point of the contact surface L, the increments of the
components of the stress vector are of a higher order of smallness than its maximum possible tangential
component at the time of loading, equal to f] 6, |. This condition enables us to determine the direction
of possible relative displacement (in a direction opposite to the positive direction of the tangent) at
points of maximum equilibrium and at points where the reaction of the support is in a small neighbour-
hood of the surface of the cone of friction, and also eliminates the possibility of the contact surface
separating from the support during loading.

Suppose that at some arbitrary time the contact surface comprises an adhesion area Ly = {x € L |
|6.| < f|0,l} and the area L, = {x e L || 6| = f| 6,1}, which joins the slip surface (v # 0) and the
surface of limiting equilibrium (v = 0). We then have L, = L, U L,.

After loading, the contact surface can be represented as the union of two parts

L. =LyuL),, Ly={xeL |8u=0}, L;={xeL,|Su=0)

where Su are the displacements of points of the contact surface relative to the rigid support during
loading. The region LY (region L?) is formed by points of the contact surface at which adhesion occurs
loading (shear has occurred)

We now assume that shear during loading takes place continuously. Then in the region L}

lo, +80|=f|c, +80,| 1.3)

where 3a, and 8¢, are the increments of the tangential and normal components of reactions of the
rigid support during loading. From Eqgs (1.1) and (1.2) and the assumption about the shape of the
trajectories of motion of points of the contact surface, we conclude that the relative displacements on
the contact surface satisfy the conditions

du, =0, du,=0 on L,
Su,=0 on L;, 3u,<0 on L, (1.4)

Suy, = 0 is the projection of the displacement onto an axis perpendicular to the normal » and the tangent
1. Finally, using relations (1.3) and (1.4), the boundary conditions can be formulated as follows:

du,=0, du,=0

Su, =0=0,+080,+f(0,+8c,)<0 1.5)
du, <0=0,.+080,+1(0, +30,)=0

2. A DIFFERENTIAL FORMULATION

We will now consider the quasistatic deformation of an elastic body which occupies the region S in
R’ with a regular boundary [4, p. 197] L, S = 8§ U L, with L divided into three mutually non-intersecting
parts: L = L, U L, U L,. On L, we are given kinematic boundary conditions, on L, the forces, and on
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L. the contact boundary conditions. We choose a reference system with respect to which the rigid support
is fixed, in which the equations and boundary conditions of the problem are

V.66+6=0, VxeS (2.1)
8 = %(me +5uV), 85=0-8 Vxe§ 22)
Su=0 on L,, 8n=38P on L, (2.3)

((2.1) are the equilibrium equations, (2.2) are the geometric and constitutive relations, and (2.3) are
the kinematic and static boundary conditions).

To relations (2.1)—(2.3) we add the boundary conditions on the contact surface (1.5).

We now define the set

U={6ue(C*S)*|8u=0 on L,, &u,=8u,=0, Su,<0 on L.}

A function u € U which satisfies relations (1.5), (2.1)~(2.3) will be called a classical solution of the
problem.

Under the given assumptions, at any time t the stress and strain fields can be related to the
corresponding fields at time t + &t after loading.

Note. 1t is assumed that the stressed state at the time of loading is known, with o, = 0 on the contact surface.
It does not follow in the general case that the increment of this component 8o, after loading is zero. However, if
the condition that the trajectories are rectilinear holds, we have 3a,, = 0. For instance, in the axisymmetric problem
or the problem of a plane-stressed state, the domain of definition of the known quantities implies that the stress
increment 3oy, is zero.

3. A VARIATIONAL FORMULATION

Let du be a classical solution of problem (1.5), (2.1)-(2.3), du € U. We first find the scalar product
of the equilibrium equation (2.1) by the expression 8v — du, where dv € U, and integrate over the region
§ and apply the Ostrogradskii-Gauss theorem to the resulting expression. Using the constitutive and
geometric relations, the boundary conditions, and the definition of the set U, we obtain

A(Su,8v —du)—(f,8v—du)= [ 80 (6v,—du,)dL,, VdveU

L¢

A(Su,5v—5u) = | 55(5u)--®-BE(Bv —du)dS 31)
S

{f,3v-3u)= [ 8P-(5v~-du)dL, + | OF (8v-3u)dS
Lo s

We then use the fact that on the contact surface L,
(6. +3c, +f(0, +80,))6v,-du,)=0 32)
In fact, if du, = 0 according to (1.5) the first multiplier is non-positive, and from the definition of
the set U we have v, < 0. But if du, < 0, according to (1.5) the first multiplier is equal to zero and
strict equality applies in (3.2).
We now add to the left- and right-hand sides of Eq. (3.1) the expression
J (o, +1(0, +80,))(dv, —du,)dL,
We will introduce the notation gc = o, + fo,, with g = 0 on L,. Then, using (3.2), we obtain
A(Su,dv - du) —(f,0v—Su) + | g(8v, —du,)dL, +
+Lj 56, (dv, ~du,)dL =0, L0‘s7’6v eU (3.3)
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We have thus proved the following theorem.

Theorem 1. A classical solution of problem (1.5), (2.1)—(2.3) satisfies inequality (3.3).
Consider the following problem.

Problem 1. It is required to find du € U
A(3u,dv —du) - (f,8v-du)+ | g(dv, —bu,)dL, +
Lo

+ | 160,(8v,—du,)dL, =0, VdveU 3.4
L,

Theorem 2. A solution du of Problem 1 satisfies all the given kinematic boundary conditions in the
relations of the differential problem (1.5) and (2.3), and the stress tensor defined in terms of du by the
geometric and constitutive relations (2.2) satisfies the equilibrium equations (2.1) and all the given
boundary conditions in the forces in relations (1.5) and (2.3).

Proof. Suppose that inequality (3.4) has a solution du. If, in inequality (3.4), the element v € U is

taken first as du + q € U, and then as 8u — q € U, where the function q € U is finite in the region §
then

A(Su,q)- | 5F-qdS=0
s

It follows from this equation, the relation between Su and the strains and stresses (relations (2.2)),
and the arbitrary choice of q that the equilibrium equation (2.1) holds. We find the scalar product of
Eq. (2.1) and the vector Su — &v, where dv, du € U, integrate the resulting expression over the region
S and apply the Ostrogradskii-Gauss theorem. We then subtract the resulting relation from inequality
(3.4). We finally obtain the inequality

| (8v,—du)dLy+ | 180, (dv, —du )dL - | 3P (8v—du)dL, +
Lo L. Le
+ [ n-36(dv-du)dL, + | 30,(dv,~du,)dL, =0, Vdvel (3.5)
L

l‘!’
We choose an element dve U for which du = &v on L\L,. Then inequality (3.5) will take the form
| (3P -n-8G)-(dv-du)dL, =0

Lo

whence it follows, since dv is arbitrary on L, that the static boundary conditions in (2.3) are satisfied.
Now, taking into account the definition of g and the fact that static boundary conditions are satisfied,
we can write inequality (3.5) in the form

| (o, +80,+f(c, +85,))dv,—du,)dL, =0, VdvelU (3.6)
LC

The points of the contact surface where the equation du, = 0 is satisfied form a region L. Since dv,
is non-positive on L}, and was chosen arbitrarily from inequality (3.6), it follows that

(6. +38c,)+f(6, +86,)<0 on L;

On the other part of the contact surface L*; 8u, < 0. Then, since v, was arbitrarily chosen, it follows
from inequality (3.6) that

(0, +80,)+f(c,+85,)=0 on L,

The kinematic boundary conditions du = 0 on L, and du,, = 8u, = 0 on L, follow from the definition
of the set U. This proves the theorem.
A solution of Problem 1 in the wider class of functions
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W={5uc(H'(S))’|5u=0 on L,, Su,=38u,=0, 3u,<0 on L}

where (H!(S))® is a Sobolev space [4] will be called a generalized solution. Here and below function
values on the boundary are understood as the values of the trace operator [4, pp. 48-51].

The analysis of generalized solutions of Problem 1 is complicated by the fact that the operator which
sets the element du € W in correspondence with the distribution of the contact pressure 80, on the
contact surface L, is undefined [2, p. 148].

4. OPERATOR OF THE INFLUENCE OF RELATIVE SHEARS
ON THE CONTACT PRESSURE

Suppose that the tangential displacements dy,, defined by the trace operator [4]
Te: (H'S) > HA(L,)

are given on the contact surface dy;.
Using the given tangential displacements dy,, which are the trace of elements of the set W, we define
the set

Z={8veW|dv, =8y, =7.(dy) on L.}

We now consider the boundary-value problem (2.1)2.3) with kinematic boundary conditions
Su, =8u, =0, Su,=dy, on L, (4.1)

The following problem is the equivalent of problem (2.1)-(2.3), (4.1) for smooth functions in a
variational formulation.

Problem 2. 1t is required to find du e Z
A(Su,dv-5u) =(f,8v-5u), VdveZ (4.2)

We will prove this statement. Let Su be a solution of problem (2.1)-(2.3), (4.1). Then relation (4.2) is obtained
by repeating the proof of relation (3.1), allowing for the fact that v, = 8u, = 8y, on L..

We now prove the inverse. Let Su be a solution of Problem 2. Take dv = 8u + q, where the function q is finite in
the region S. Then the equilibrium equation (2.1) follows from relation (4.2) is the deformations and stresses on
Su are defined by relations (2.2). Taking the scalar product of Eq. (2.1) by dv — u. dv € Z, integrating it over the
region S, applying the Ostrogradskii-Gauss theorem and then subtracting the resulting relation from (4.2), we have

0= [ 8P-(3v-3u)dLs— | n-86-(3v-du)dL,, VOveZ
Lﬂ Lﬂ

Since the choice of dv was arbitrary, the last equation gives conditions in forces on the surface L.
The kinematic boundary conditions on the surfaces L, and L, follow from the definition of the set Z.

We will need an equivalent statement of Problem 2 in the form of a minimization of a quadratic
functional.
We define the space
X={oveH'(S))’|8v=0 on L,}

and introduce the norm

Hovlly = (8v,8v)%, ®v,dv)=] 85(8v)--&>-~8€(8v)ds (43)
3

where (3v, 8v) is the scalar product in the space X [2, 4].
We also define the space

Z,={veXIlbv=0o0n L
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which is a subspace of the space X.
Any element x € X can be represented uniquely in the form

X=y+2z where ye Zg,z€ X,z 1 Z, (4.4)
[9, Theorem 6.4.1]
Consider two arbitrary elements a, b € X for which a = b on L. Using (4.4), we will represent these
elements as follows:
azao+al,b=bo+bl
ao,boe ZO, a, bl_e X, aj, bl.L Zo
We carry out the transformations
a=b+@-b)=by+b,+(a-b)=
=b +[bo+(@a-b)l=b, +cy(co=[bp+(@a-b)) e Z) 4.5)

Since the expansion (4.5) is unique, we obtain a, = b,.
Thus, any element dv € X for which dv = 8y on L, (8y € X) can be represented uniquely in the form

v = dv; + Sw (4.6)
where
dvpe Zy, dwe X, dw L Zy, dw=3y on L,

where 3w is independent of the choice of dv.
We can use Eq. (4.6) to expand the solution of Problem 2, since du ¢ X. We have

Su = dugy + dw
where
dupe Xo, dwe X, dw L Xo, we=y,, wo=wy=0 on L,
Applying this expansion also to elements dv € Z in (4.2), we find that
A (8w + Suy, Sy — dug) = (f, vy — Suy)
whence for vy = 0 we have
A (Bug, Sug) = {f, Suy)
Using (4.6) and the last equation, we can reformulate Problem 2 as follows.
Problem 2a. It is required to find dvg € Z,
A (Sug, dug) = {f, duy), V duge Zy, du=3duy+dw, dwe Z,0w L Z, 4.7)

The contact pressure can be found in terms of Lagrange multipliers. We will omit the constraint on
the normal component of the displacements in the contact region du, = 0 when determining an
admissible set of displacements Z,. This can be done with a Lagrange multiplier which, as we shall show,

is the same as the increment of the normal component of the reaction of the rigid support during loading.
We then define the functional

J (Bug) = %A (8v, Sug) — (f, Sug)
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and consider an equivalent problem to Problem 2a.
Problem 3. 1t is required to find duy € Z,
J(Buy) < J(Bvy), Vduy€Z;, Su=3du,+dw, dweZ, dwlZ, (4.8)
The solution of Problem 3 is unchanged when the expression A (3w, 8v,) is added to the functional
‘[]1%8]?0), since 6vg € Zj and dw L Z. We can therefore write a dual formulation of Problem 3 as follows
Problem 4. It is required to find

i, ) 49
p €H{*(L;)

Yo={oueX | du =dv, =0 on L}

D(Svy, p')=J(Svuy)+A(Sw, Guo)—(p', 800,,)

Sugn =Ya(B0g), Ya:(H'(S))' > HA(L,)
where HY4(L,) is the conjugate space to HY*(L,) and ¥, is the trace operator defining the normal compon-
ent of displacements on L.

Now suppose that (Sug, q*) € Yo x HY*(L,) is a solution of Problem 4. We will show that the first
component duy is a solution of Problem 3, and the second component q* is the increment of the normal
component of the contact pressure.

For a saddle point we have

é . _
5—&¢(8u0 +(’ﬁvo, q )|(!=0 —0; Va"o eY()

9 * . — * % "
S ®(Bug, a"+op™), =0, Vp' eBEL): acR

After computing the derivatives we obtain
A(Bw+8u,, Bug) (I, auo)-(q‘, auo,,>=o, Vv, € Y, (4.10)
(p‘, suo,,>=0, vp' eHAL,) (4.11)

From relation (4.11), since the choice of p* was arbitrary, we have dvy, = 0 on L. Hence, duy € Z,.
We now consider relation (4.10). We have Z, C Y, and thus relation (4.10) holds for any dv, € Z,. Then

A(&Io, 8"0)—<f, &’0> = 0, vauo € ZO
Thus we have proved that duy is a solution of Problem 3.
We will determine the meaning of a Lagrange multiplier in terms of mechanics on the assumption that

du, + dw is a regular function. Then in (4.10), taking dvy as finite functions on § and using the relation
between the displacements, strains and stresses (2.2), we obtain the equilibrium equation in the form

V-86(Sug +3w)+0F =0 (4.12)
Taking the scalar product of Eq. (4.12) by an arbitrary element dvy e Yy, integrating over the region
§ and applying the Ostrogradskii-Gauss theorem, we obtain an equation which we subtract from Eq.
(4.10) and obtain the expression
<q', 6uno) = [n-36(8u, +dw) - nduy,dL_, Vv, €Y, (4.13)
L

which gives the meaning of the Lagrange multiplier in terms of mechanics.
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We will define the Hilbert space
H={%veX | dv,=5,=0 on L}

Theorem 3. If Y, L H, the increment of contact pressure during loading is independent of the size of
the relative shears.

The theorem is proved by repeating the derivation of (4.13) taking into account the equation A (6w,
dvg) = 0, which follows from the fact that the spaces are orthogonal.

For contact problems to do with plates, orthogonality with respect to the energy norm of the spaces used is a
consequence of the fact that the membrane displacements which determine the tangential displacements in the
contact region are independent of the displacements normal to the surface of the plate. Other cases in which the

contact pressure is independent of the friction and cohesive forces are discussed in [5]. This class of problem has
been studied in detail in [5-7] and elsewhere.

Thus, the method can be used to determine the contact pressure in the sense of Eq. (4.13) for given
relative shears. The operator which sets the increment of contact pressure in correspondence with the
tangential shears dw, and L, is thereby determined

pidw, > q" eBE(L,) (4.14)
where q* is a linear functional.

We will now investigate the properties of the functional q*. The condition dw, = 0 corresponds to
the functional q} defined by relation (4.10)

(q:,, Buo,,>=A(8uo, Suo)—(I. Buy). Véuoe¥, (4.15)

where 8uy is a solution of Problem 3.
We will now consider an arbitrary distribution of shears éw, on L. and use (4.10) to determine the
functional q* responsible for the contact pressure distribution

(q', &..,,,)=A(&.o+ ow, dug)-(f, Bu,), VougeY, (4.16)

where, as before, 8uy is a solution of Problem 3.
Subtracting Eq. (4.15) from (4.16), we have

(ah, Bvoa) =AW, bv5), VBuoeYoi ab=4"-g; (417)

Thus, the operator which determines the contact pressure can be represented in the form of a sum

of two linear functionals
9 =qp+q,

Since the mapping w — q%, is linear (relation (4.17)), the linear functional q% can be represented
by a bilinear form, which we will denote by p,,. The one-to-one correspondence (4.6) between dw, on
L.and w € Z and relation (4.17) enables us to define p,, as follows:

poC NHAL)XBAL,) SR

Hence we have proved that there is a linear operator which determines the contact pressure from
the relative shears. We will use this operator to rewrite the last integral in (3.4)

ft3a, @, -Su)dL, =f(q5, Sv,-5u,)+p,(Bu,, v, -8u,)| (4.18)
L

The existence and uniqueness of a solution of problems of the type (4.10), (4.11) has been considered
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earlier [10, Proposition 5.2, p. 74]. In the case of elastic materials, a solution of the problem exists and
its first component 3uy is unique. Using the regularization method of [11] and taking the limit as the
regularizing addition tends to zero, it can be proved that the Lagrange multiplier is unique.

Thus in this section we have proved that there is a linear operator which sets the relative shears on
the contact surface in correspondence with the contact pressure increment.

5. PROOF OF EXISTENCE AND UNIQUENESS
OF THE GENERALIZED SOLUTION

We will rewrite Problem 1 to take Eq. (4.18) into account, as follows.
Problem 1a. 1t is required to find du € W
B(8u, du-3u)(s, Su-3u)>0, VeveW (5.1)

B(5u, Sv—5u)=A(Su, dv—>5u)+fp,, (Su., du; —du;)

(s, Bu-8u)= f g, ~Buo)dLo (1, 5u—su)+r(q:,, au,-au,)
Ly

We will now take the generalized solution to mean the solution of Problem 1a.

The existence of the operator py, was proved above. Before the question posed in this section can be answered,
we need to investigate the properties of this operator.

We will define a norm in the space Hl’z(Lc), which is the region of values of the trace operator y; with domain
of definition H

= i 4 b
o R AL Lt g 62
Ye(Sv)=8z on L Y (3w)=8z on L,
Relation (4.17) implies that

d =los s )| =supA(dw, du,)<
lq lﬂf/z(Lt) lpw( W H&(L‘) sup L

sﬂ5w|x <|au|x, VéueH, y(5u)=8w,onL, (5.3)

where sup is taken over dv; € ¥y, [IBvlix = 1, 3w € H, dw L Zg, ¥(dw) = dw; on L.
From inequality (5.3) and the definition of the norm (5.2), we obtain the inequalities

P' (&ltl 8“1:)3"'9\#(&‘1' &I“)'a —IqWIH%(Lt)lu“l“.%(Lc) >

2
>-fouf . VoueH:bu=bu, on L, (5.4)
Relation (5.4) and the condition 0 < f < 1 imply that the operator B is coercive
2 2
B(Su, 5u)=A(8u, Su)+fp,, (Su,, su,)>|m|x - f'&:lx -
=a-fps],. veueH (535
We will inequality (5.3) to prove that B is bounded

B(du, ) $||5“|x|5"|x ”lqzlﬂﬁ(bc)l&tl“%“") )

< ﬂsulxlsuﬂx + r|5u|x|6u|x =(l +()l§u|x|&;ux, Vou, weH (5.6)

There is a theorem [12] which states that if B is a coercive bilinear form on H, W C H is a closed convex set and
h € H* (H* is the conjugate space to H), then there is a unique solution of the following problem.
1t is required to find du € W

B(5u, au—su)-(h, &;—5..);0. Yoy e W
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in

We will compare the conditions of this theorem with those of the problem solved above. The operator B is linear

each of its arguments. Since (5.6) is bounded, B is continuous. Hence it is a bilinear form H. That B is coercive

follows from inequality (5.5). Suppose that the volume and surface forces satisfy the condition h € H*. The convexity
and closure of the set W are obvious. Thus the conditions of the above theorem are satisfied and we have proved
the following theorem.

w N

S

Theorem 4.1. Problem 1a has a unique generalized solution.
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